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Electromagnetic scattering by an aggregate of spheres: Theoretical and experimental study
of the amplitude scattering matrix
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An accurate analytical representation of the amplitude scattering matrix is of key importance in the devel-
opment of a reliable electromagnetic scattering formulation, because it enables one to derive rigorous analytical
expressions for all scattering quantities. We compare a rigorous theory of scattering by aggregates of spheres
@Y.-I. Xu, Appl. Opt. 36, 9496 ~1997!# with a large set of laboratory microwave analog scattering measure-
ments for multiple spheres obtained by Wang between 1968 and 1983. Close agreement is found for all of the
experimental data tested, confirming that the four amplitude scattering matrix elements can be accurately
evaluated by the theory that is based on a far-field solution. It also leads to the validation of a simplified
noninteracting-scattering~NIS! approximation derived from the theory.@S1063-651X~98!15209-1#

PACS number~s!: 42.68.Mj, 92.60.Ta, 94.10.Gb
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I. INTRODUCTION

Since the development of the scalar and vector addi
theorems for spherical harmonics by Friedman and Rus
@1#, Stein @2#, and Cruzan@3#, many researchers, startin
with Liang and Lo@4# and Bruning and Lo@5,6#, have de-
voted considerable efforts to tackling the problem of lig
scattering by an arbitrary multisphere configuration anal
cally @7–19#.

In a light-scattering theory, the most important and fu
damental scattering quantity is the 232 amplitude scattering
matrix, which completely defines the linear transformati
between the incident and the scattered far-field amplitud
Its analytical representation enables one to derive rigor
expressions for all scattering characteristics, such as
cross sections for extinction, scattering, absorption, and
diation pressure@20#. Moreover, the amplitude scatterin
matrix is closely related to the 434 scattering matrix, known
as the Mu¨ller matrix, which describes precisely the line
relation between the incident and the scattered Stokes pa
eters. All of the 16 elements of the Mu¨ller matrix can be
obtained directly from the amplitude scattering matrix@20#.
A set of analytical expressions for the four elements of
amplitude scattering matrix of an arbitrary aggregate
spheres was first given by Xu@17#, based on the so-calle
reexpansion method to obtain a single-field expansion of
total scattered field from the entire aggregate as a wh
@17,18#. This reexpansion method encounters severe num
cal problems in its practical applications@18#. Xu has re-
cently developed a far-field approach to solving multisphe
scattering problems and has rederived the analyt
expressions for the amplitude scattering matrix from the
field solution@18#. We verify this theoretical development b
comparing with the results of a set of laboratory microwa
analog scattering measurements. Since 1968 onward to 1
Wang @21–30# experimentally investigated the scatterin
properties of nonspherical, nonisotropic particles of vario
shapes, sizes, and dielectric properties, including a num
of linear chains, dumbbells, and other aggregates of sph
PRE 581063-651X/98/58~3!/3931~18!/$15.00
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using a 3-cm microwave scattering facility over several
cations in Troy, New York~before 1970!, Albany, New
York ~1970s!, and Gainesville, Florida~after 1980!. The ex-
tensive measurements accumulated three types of data
multiple spheres:~1! polarized scattered intensities as a fun
tion of scattering angleu in a range from 0° to 170° for
fixed and random orientations,~2! the variation of scattered
intensities with particles’ azimuthal angle, observed a
fixed scattering angle and a fixed polarization, and~3! the
complex amplitude scattering matrix measured at the in
dent beam direction (u50°). A few previous authors
@11,12,17–19,31,32# have compared their theoretical calc
lations with some of these scattering measurements. We
firm our new formulation for the amplitude scattering matr
of an aggregate of particles by the systematic experime
validation using Wang’s large set of laboratory data.

Section II gives a review of Xu’s relevant theoretic
work, especially those excerpted from the paper on the
field solution @18#, and presents the explicit forms of th
amplitude scattering matrix elements. Expressions for pe
nent scattering quantities, such as extinction efficiency
scattering intensity, all derivable from the matrix, are a
given. Section III provides the simplification of the expre
sions given in Sec. II when each sphere in an aggregat
assumed to act independently of each other, i.e., for
noninteracting-scattering~NIS! case. Section IV briefs the
microwave analog method and the techniques employ
Section V, which is divided into three subsections, illustra
in graphical forms the comparisons between theory and
periment. Theoretical results shown are from both the rig
ous and the NIS solutions. Some explanations on the c
parisons, coded target ID numbers, symbols a
abbreviations are also included in Sec. V. Finally, Sec.
gives conclusions.

II. AMPLITUDE SCATTERING MATRIX:
ANALYTICAL REPRESENTATION

Cooperative scattering by an aggregate of spheres
pends on the direction of the incident radiation, the sizes
3931 © 1998 The American Physical Society
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compositions of the component spheres, and the config
tion and orientation of the aggregate. Consider an arbitra
configured aggregate ofL small homogeneous and isotrop
spheres of an arbitrary combination of size and composit
In a primary reference system, in which (x,y,z) and (r ,u,f)
are as usual the Cartesian or the spherical polar coordin
the aggregate is illuminated by az-propagating plane wave
with a linear polarization angleb, and the Cartesian coord
nates of the center of eachj th component sphere are denot
by (Xj ,Yj ,Zj ). The partial~or called differential! scattering
coefficients (amn

j ,bmn
j ), i.e., the expansion coefficients of th

individual scattered fields from each component sphere a
ciated with respective sphere-centered, displaced coordi
systems, can be solved in a linear system set up by the s
dard electromagnetic boundary conditions on the spher
surfaces of all component spheres through the generaliza
of the Mie theory@17#:

amn
j 1an

j (
lÞ j

~1,L !

(
n51

Nl

(
m52n

n

~Amnmn
l j amn

l 1Bmnmn
l j bmn

l !5an
j pmn

j ,

~1a!

bmn
j 1bn

j (
lÞ j

~1,L !

(
n51

Nl

(
m52n

n

~Bmnmn
l j amn

l 1Amnmn
l j bmn

l !5bn
j qmn

j ,

~1b!

where j 51,2,•••,L, umu<n, n51,2,...,Nj . Literally, Nl

5`. But in practical calculations, the field expansions m
be truncated at some sufficiently high scattering orders.
well-known criterion@20,33# for the field-expansion trunca
tion of a single sphere with size parameterxj , Nj'xj

14A3 xj12, is generally satisfactory for all the compone
spheres in the solution of Eqs.~1!. an

j andbn
j in Eqs.~1! are

the Mie scattering coefficients of the isolatedj th component
sphere@20,34,35#. pmn

j and qmn
j , the expansion coefficient

of the incident field expressed in thej th coordinate system
centered on thej th sphere, are given by@17,18#

pmn
j 5exp~ ikZj !pmn

0 , qmn
j 5exp~ ikZj !qmn

0 , ~2!

wherei 5A21, k is the wave number,pmn
0 5qmn

0 50 except
umu51, and@17,18#

p1n
0 5q1n

0 5
exp~2 ib!

2
, p21n

0 52q21n
0 52

exp~ ib!

2n~n11!
.

~3!
a-
ly

n.

es,

o-
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n-
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t
e

t

Amnmn
l j andBmnmn

l j in Eqs.~1! are the vector translation coe
ficients associated with the translation vector extended fr
the origin of thel th coordinate system to the origin of thej th
coordinate system. These translation coefficients are ba
on the Hankel function of the first kind, characterizing t
transformation of outgoing elementary spherical waves in
l th coordinate system into incoming waves in thej th coor-
dinate system. The detailed discussion about the analy
representation of these vector addition coefficients and ab
the necessary numerical techniques in their evaluation ca
found elsewhere@2,3,36–40#. As mentioned earlier, in de
scribing scattering characteristics of scatterers, the fun
mental scattering quantity is the 232 complex amplitude
scattering matrix. It describes the linear relation between
incident and the scattered far-field components that are
allel and perpendicular to the scattering plane defined by
direction of propagation of the plane incident wave and
scattering direction,

S Eis

E's
D 5

exp@ ik~r 2z!#

2 ikr S S2 S3

S4 S1
D S Ei i

E' i
D . ~4!

For the case of a planez-propagating incident wave unde
our consideration,

Ei i5E0~cosf cosb1sin f sin b!, ~5a!

E' i5E0~sin f cosb2cosf sin b!, ~5b!

Eq. ~4! becomes

S Esu

2Esf
D 5

E0exp@ ik~r 2z!#

2 ikr S S2 S3

S4 S1
D Fcos~f2b!

sin~f2b!
G .

~6!

In general, the amplitude scattering matrix is a function
both the scattering angleu and the azimuthal anglef. Based
on the far-field solution to the multisphere-scattering pro
lem, Xu @18# recently showed that the four elements of t
amplitude scattering matrix of an aggregate of spheres in
~6! can be rigorously expressed by the following equations
terms of the partial scattering coefficients (amn

l ,bmn
l ) and the

geometry of the aggregate:
S2~u,f!5(
l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
$Cmn

l cos@~m21!f1b#1 iFmn
l sin@~m21!f1b#%, ~7a!

S3~u,f!5(
l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
$ iFmn

l cos@~m21!f1b#2Cmn
l sin@~m21!f1b#%, ~7b!

S4~u,f!5(
l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
$2 iQmn

l cos@~m21!f1b#1Jmn
l sin@~m21!f1b#%, ~7c!
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S1~u,f!5(
l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
$Jmn

l cos@~m21!f1b#1 iQmn
l sin@~m21!f1b#%, ~7d!
nd

n,
s
e

he
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oss
qs.
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t to
ar-

f

the
where d0m is the Krönecker delta symbol, D l

5Xl sinu cosf1Yl sinu sinf1Zl cosu,

Cmn
l 5

~n2m!!

~n1m!!
~amn

l tmn1bmn
l pmn!

1~21!m~a2mn
l tmn2b2mn

l pmn!, ~8a!

Fmn
l 5

~n2m!!

~n1m!!
~amn

l tmn1bmn
l pmn!

2~21!m~a2mn
l tmn2b2mn

l pmn!, ~8b!

Qmn
l 5

~n2m!!

~n1m!!
~amn

l pmn1bmn
l tmn!

2~21!m~a2mn
l pmn2b2mn

l tmn!, ~8c!

Jmn
l 5

~n2m!!

~n1m!!
~amn

l pmn1bmn
l tmn!

1~21!m~a2mn
l pmn2b2mn

l tmn!, ~8d!

the angular functions are defined by

pmn~cosu!5
m

sin u
Pn

m~cosu!,

tmn~cosu!5
d

du
Pn

m~cosu!, ~9!

andPn
m is the associated Legendre function of the first ki

of degreen and orderm.
With the amplitude scattering matrix rigorously know

the explicit formulas for the extinction and scattering cro
sections and the asymmetry parameter of an ensembl
particles can be derived through the equations@20,41#

Cext5
4p

k2
Re@~V–êv!u50#, Csca5E

0

2pE
0

p uVu2

k2
sin ududf,

~10a!

^cosu&5E
0

2pE
0

p uVu2

k2Csca

cosu sin ududf, ~10b!

where V is the vector scattering amplitude related to t
scalar scattering amplitude by

V5@S2cos~f2b!1S3sin~f2b!#êu2@S4cos~f2b!

1S1sin~f2b!#êf, ~11!

and êv5sinu cos(f2b)êr1cosu cos(f2b)êu2sin(f2b)êf

with (êr ,êu,êf) being the basis unit vectors associated w
the spherical polar coordinate system (r ,u,f). The rigorous
s
of

analytical expressions for the extinction and scattering cr
sections and the asymmetry parameter derived from E
~10! with ~7! and~11! have been given in Refs.@18# and@19#.

Of interest to practical problems are often the scatter
calculations or measurements in a single scattering pla
Without loss of generality, thex-z plane (f50°) is usually
defined as the scattering plane. Also, of particular interes
many practical applications are often the two typical pol
ization states of the plane incident wave:b50° and b
590°, i.e., the plane incident wave isx or y polarized. When
f50°, Eqs.~7! reduce to the form forb50°,

S2
x~u!5(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Cmn

l , ~12a!

S3
x~u!5 i(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Fmn

l ,

~12b!

S4
x~u!52 i(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Qmn

l ,

~12c!

S1
x~u!5(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Jmn

l , ~12d!

and forb590°,

S2
y~u!5 i(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Fmn

l ,

~13a!

S3
y~u!52(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Cmn

l ,

~13b!

S4
y~u!5(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Jmn

l , ~13c!

S1
y~u!5 i(

l 51

L

exp~2 ikD l ! (
n51

Nl

(
m50

n
2n11

11d0m
Qmn

l ,

~13d!

where superscriptx or y indicates the polarization state o
the plane incident wave.

Forward scattering properties are described fully by
complex scattering amplitudeS(0°) at theforward direction
of u50°. At this particular scattering direction,

pmn5tmn50, umuÞ1, ~14a!
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p1n5t1n5n~n11!/2, ~14b!

and from Eqs.~8! we have

Cmn
l ~0°!5Jmn

l ~0°!5Fmn
l ~0°!5Qmn

l ~0°!50, mÞ1,
~15a!

C1n
l ~0°!5J1n

l ~0°!

5@a1n
l 1b1n

l 2n~n11!~a21n
l 2b21n

l !#/2,

~15b!

F1n
l ~0°!5Q1n

l ~0°!

5@a1n
l 1b1n

l 1n~n11!~a21n
l 2b21n

l !#/2.

~15c!

From Eqs.~7!, ~14!, and~15! it is obvious that thef depen-
dence of the scattering matrix elements automatically g
away atu50° because only the modes ofm51 remain in
this particular case. The dimensionless complex scatte
amplitudeS(0°) of anaggregate of spheres is thus given

S~0°!5~V–êv!u505S2~0°!5S1~0°!

5
1

2 (
l 51

L

exp~2 ikZl ! (
n51

Nl

~2n11!@~a1n
l 1b1n

l !

3exp~ ib!2n~n11!~a21n
l 2b21n

l !exp~2 ib!#,

~16!

which is independent of the anglef. For the two particular
cases ofb50° or 90°, i.e., in which the plane incident wav
is x or y polarized, Eq.~16! becomes

Sx~0°!5
1

2 (
l 51

L

exp~2 ikZl ! (
n51

Nl

~2n11!

3@a1n
l 1b1n

l 2n~n11!~a21n
l 2b21n

l !#,

~17a!

Sy~0°!5
i

2 (
l 51

L

exp~2 ikZl ! (
n51

Nl

~2n11!@a1n
l 1b1n

l

1n~n11!~a21n
l 2b21n

l !#. ~17b!

It is convenient to present both theoretical and experime
results of the complex forward scattering amplitudeS(0°) in
the form of a Cartesian representation of (P,Q). In the com-
plex plane, the dimensionlessP andQ components ofS(0°)
are, respectively,

P5
4p

k2G
Im@S~0°!#, Q5

4p

k2G
Re@S~0°!#, ~18!

whereG is the sum of the geometric cross sections of
component spheres, which is the geometric cross section
surface-equivalent single sphere, andQ is the ~surface-
equivalent! extinction efficiency.GQ is the extinction cross
sectionCext of the entire aggregate.
s

g

al

e
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III. LIGHT SCATTERING BY NONINTERACTING
SPHERES

If a component sphere in an aggregate has no~or negli-
gible! interaction with all other spheres in the aggregate, i
the sphere acts as a Mie-scatterer independent of others
differential scattering coefficients of the sphere@see Eqs.~1!#
become@17,18#

amn
l 5pmn

l an
l , bmn

l 5qmn
l bn

l , ~19!

because in this case all the terms involving vector transla
coefficientsAmnmn

l j andBmnmn
l j in Eqs.~1! vanish or they are

negligible. Inserting Eqs.~2! and~3! into Eqs.~19!, we have

amn
l 5bmn

l 50, umuÞ1, ~20a!

a1n
l 5

an
l

2
exp@ i ~kZl2b!#, b1n

l 5
bn

l

2
exp@ i ~kZl2b!#,

~20b!

a21n
l 52

an
l

2n~n11!
exp@ i ~kZl1b!#,

b21n
l 5

bn
l

2n~n11!
exp@ i ~kZl1b!#, ~20c!

which, by way of Eqs.~8!, lead to

C1n
l 5

exp~ ikZl !

n~n11!
~an

l tn1bn
l pn!cosb, ~21a!

F1n
l 5

exp~ ikZl !

n~n11!
~an

l tn1bn
l pn!~2 i sin b!, ~21b!

Q1n
l 5

exp~ ikZl !

n~n11!
~an

l pn1bn
l tn!~2 i sin b!, ~21c!

J1n
l 5

exp~ ikZl !

n~n11!
~an

l pn1bn
l tn!cosb, ~21d!

wherepn5p1n , tn5t1n . If the interactions among compo
nent spheres in an aggregate are all negligible, it can
shown from Eqs.~7!, ~8!, ~16!, ~20!, and ~21! that, for this
noninteracting scattering,

S2~u!5(
l 51

L

exp@ ik~Zl2D l !# (
n51

Nl

2n11

n~n11!
~an

l tn1bn
l pn!

5(
l 51

L

exp@ ik~Zl2D l !#Ŝ2
l ~u!, ~22a!

S3~u!5S4~u!50, ~22b!

S1~u!5(
l 51

L

exp@ ik~Zl2D l !# (
n51

Nl

2n11

n~n11!
~an

l pn1bn
l tn!

5(
l 51

L

exp@ ik~Zl2D l !#Ŝ1
l ~u!, ~22c!
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S~0°!5Sx~0°!5Sy~0°!

5
1

2 (
l 51

L

(
n51

Nl

~2n11!~an
l 1bn

l !5(
l 51

L

Ŝl~0°!,

~22d!

whereŜ2
l (u), Ŝ1

l (u), andŜl(0°) refer to Mie scattering from
the isolatedl th sphere. In this case of scattering by an e
semble of noninteracting spheres, the complex forwa
scattering amplitude of the ensemble depends solely on
sizes and the compositions of the component spheres a
irrelevant to the configuration and orientation of the e
semble. Especially, the values ofP andQ of an ensemble of
noninteracting identical spheres are exactly the same as t
of the single component sphere. This coherent Mie scatte
applies to an aggregate with sufficiently large separati
between all component spheres. It is also a good approx
tion to an aggregate for which the number and the maxim
size of the component spheres are both sufficiently small
interaction between spheres is sufficiently weak. Equa
~22d! shows that the complex forward-scattering amplitu
~and therefore the total extinction cross section! of an en-
semble of noninteracting spheres is just the simple sum
those of all the component spheres. However, even with
interaction turned off, the phase function, i.e., the angu
distribution of the scattered intensity of an ensemble
spheres still strongly depends on the geometric pattern o
ensemble, totally different from those of the individual com
ponent spheres, as shown explicitly in Eqs.~22a! and ~22c!.

For illustration, we consider the simplest sphere system
two identical spheres. The center-to-center separation
tance between the two spheres isd. Just for convenience in
the following discussion, we locate one of the two sph
centers at the origin of the primary coordinate system. T
axis of symmetry of the bisphere system lies in the scatte
plane defined by thex-z plane and makes an anglex with the
z axis, i.e., with the direction of propagation of the pla
incident wave. From Eqs.~22a! and~22c! it follows that the
dependence of scattering by such two noninteracting sph
on the scattering angleu and the orientationx can be ex-
pressed in a simple form. Here,f50°, Z(1)5D (1)50, X(2)

5d sinx, Z(2)5d cosx, D (2)5d(sinx sinu1cosx cosu),
and

S2~u!5„11exp$ ikd@cosx2cos~x2u!#%…Ŝ2~u!,
~23a!

S3~u!5S4~u!50, ~23b!

S1~u!5„11exp$ ikd@cosx2cos~x2u!#%…Ŝ1~u!,
~23c!

where Ŝ2(u) and Ŝ1(u) are the amplitude-scattering-matr
elements of the individual Mie sphere. Similar notations
employed for the intensity components:î 11(u)5uŜ1(u)u2

and î 22(u)5uŜ2(u)u2. For both the perpendicular- an
parallel-to-the-scattering-plane polarized components,
ratio of the intensity from the two-sphere array to that fro
an individual component sphere is therefore given by
same function:
-
-

he
is

-

se
g
s
a-
m
d
n
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e
r
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he
-

is-

e
e
g
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e

e

e

f ~u,x!5
i 11~u!

2 î 11~u!
5

i 22~u!

2 î 22~u!

511cosF2kd sinS u

2D sinS x2
u

2D G . ~24!

Thus in the particular case of NIS by two identical spher
this ratio is independent of the size and the composition
the component sphere, is symmetric aboutx5u/2, and has
its maximum atx5u/2. Notice also that this functionf (u,x)
corresponds to theform factor in a special Rayleigh-Gan
scattering@20,34,35#, where it is as if the scattering volum
degenerated into two geometrical points at the respective
sphere centers, from which two coherent waves posses
the component sphere’s Mie fields were emitted and w
combined vectorially to the resulting scattering pattern.

IV. METHOD OF SCATTERING MEASUREMENT

The microwave analog scattering measurement met
@28–30# derives its merits from an important statement d
duced from the principle of electrodynamic similitude@42#:
the physics of a scattering process depends only upon
ratio of particle size to wavelength. This allows us to inves-
tigate, e.g., visible light scattering from micron or submicr
particles by studying instead a microwave-wavelength~we
usel53.1835cm! scattering from proportionately scaled-u
cm-sized particles. One is then capable of precisely know
or controlling virtually all the scattering parameters, such
particle size, shape, refractive index, orientation in the be
etc. Our microwave analog scattering measurement te
nique has advantages in many aspects. First, the true sc
ing signal from a particle, even in the beam directionu
50°), can beextracted out of that mixed with the cohere
background~null technique!. Second, nearu50° both the
amplitude and phase of scattered wave can be measure
multaneously, which, in turn, make it possible to direc
determine total cross sections. Examples are given in F
28–33 in the form of (P,Q) plots. Third, the magnitude o
an observed scattering can be calibrated using a stan
target of known magnitude by running it in a quick succe
sion to the particle being measured, i.e.,normalization is not
neededin our data.

The scattering targets are manufactured by either mold
or machining commercially available plastic materia
Molding also allows us to control the target’s refractive i
dexm(5m81 im9), by varying the density of target medium
and/or admixing it with other materials such as carbon du
The refractive index of a target is determined from the co
plex dielectric constant«(5«81 i«9) measurement of rect
angular waveguide samples prepared from the same ta
medium, using the classical standing-wave method@29,43#.
m and« are related by the Maxwell’s relationm25«.

The scattering facility employs a tight incident beam fro
a parabolic transmitter antenna, and two similar narrow be
receiving antennas. This is to minimize measurement er
caused by stray reflections from the laboratory ceiling, flo
and side walls even though critical portions of each are lin
with microwave absorbing materials. A fixed receiver a
tenna in the beam direction (u50°) is for extinction mea-
surement, and a movable antenna around the target site i
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angular scattering in a range of scattering angle 5°<u
<170° @28–30#. In both measurements the microwav
unique ‘‘null technique’’ is employed to discriminate the d
sired target-scattered wave against the unwanted backgr
wave: In the absence of target in the beam, the unwan
background wave is combined with a nulling wave that
piped through a separate waveguide. Both the amplitude
phase of this nulling wave are then adjusted to cancel
background wave. The off-balance from this established
status when the target is brought into position is therefore
desired target-scattered wave.

To precisely position and orient a particle in the beam h
been one of the most difficult tasks in our microwave m
surements. We refer the details to in the earlier publicatio
and mention here that only nylon strings are used for eit
the manually operated mechanism or the computer-dri
device.

In order to obtain orientation-averaged extinction and
angular scattering data, we let a particle step through
preselected orientations while keeping it in the beam cen
and record the data at each of these orientations. The ave
is simply the arithmetic mean of these data. We assume
the nulling made at the outset of the run suffers little d
during this orientation-stepping period~typically ;2 min for
a u50° run, and;5 min for otheru ’s!. This assumption is
not always valid, however, especially for the measureme
nearu50°. This is because nearu50° beam direction we
have a very large unwanted background~the direct wave
from the transmitter!, the intensity of which is;1000 times
that of a typical 29-diam-sphere’su50° scattering. A slight
ambient change~e.g., temperature variation! could produce a
significant null drift the magnitude of which is comparable
or even larger than the target-scattered signal itself. To m
mize such drift-caused errors we employed high
frequency-stabilized microwave source, carefully design
null-waveguide path length, performed extinction measu
ment at early morning hours when environment conditio
are most stable, and discarded those data whose sta
records were not acceptable. Yet, unnoticed such er
could show up during a run, especially for small particles.
other scattering angles, on the other hand, null drifts pre
much less problems. This is because by unpublis
background-radiation surveys on each of our scatte
chambers, we noted that the unwanted background inten
levels were at least 50 dB lower than theu50° maxima
whenu>20°, while angular scattering intensities of our pa
ticles had in general less than 30 dB variations from th
respectiveu50° peaks.

V. COMPARISON BETWEEN THEORY
AND EXPERIMENT

A. Angular distribution

In 1983, Wang and Gustafson@27# reported the micro-
wave analog scattering measurement results for phase f
tions and the degree of polarization of the scattered radia
from various linear chains of spheres, each consisting of t
three, or five identical components, the physical and g
metrical parameters of which are listed in Table I. A six-di
ID number was assigned to each linear chain for identifi
tion ~see Table I!. The first digit is exclusively 5, the secon
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indicates the size of the component sphere~a larger number
for a larger size!, the third denotes the number of spheres
the chain, and the remaining three digits start with two ze
followed by a number indicating the intersphere separati
e.g., ‘‘0’’ means that the neighboring spheres are in cont
The scattering measurements include three polarization c
ponents of the scattered intensity at each scattering an
i 11, i 22, and i 12. Here the first suffix refers to the inciden
polarization and the second to that of the received radiat
with ‘‘1’’ and ‘‘2’’ denoting perpendicular and parallel to the
~horizontal! scattering plane, respectively. At each of t
three polarization settings, the target~the aggregate of
spheres! was controlled to step through 44 orientations in t
beam while the scattered intensity was recorded at each
of which 35 are uniformly distributed over an octant of spa
and the rest are some preferred special orientations.
arithmetic mean of the recorded intensities over the 35
entations is taken as the averaged intensity over random
entations.

We compare our calculation results with the measurem
for both the principal fixed orientations and the rando
orientation average. Our theoretical calculations fori 11, i 22,
and i 12 use the equations

i 11~u!5uS1
y~u!u2, i 22~u!5uS2

x~u!u2, i 12~u!5uS3
y~u!u2,

~25!

where S1
y(u), S2

x(u), and S3
y(u) are given by Eqs.~13d!,

~12a!, and ~13b!, respectively. Cooperative scattering by
ensemble of particles includes the interaction effect aris
from the multiple scattering among individual particles a
the far-field interference between scattered waves from in
vidual particles. In addition to the exact multispher
scattering calculations, which take into account both effe
rigorously, we also calculated the NIS, i.e., the coherent M
scattering for the case of an aggregate of spheres, w
considers the interference effect only. In the coherent M
scattering calculations fori 11 and i 22 using Eqs.~25!, S1(u)
and S2(u) are given by Eqs.~22a! and ~22c!, respectively,
independent of the polarization state of the plane incid
wave.

TABLE I. Target parameters of the sphere aggregates in Wan
phase function measurements.

Target
ID No.

No. of
spheres

Size parameter
of single sphere

Refractive
index

Separation
parameter

n x m82 im9 kda

532 000 2 3.083 1.61–i0.004 6.166
532 001 2 3.083 1.61–i0.004 8.030
532 004 2 3.083 1.61–i0.004 12.51
533 001 3 3.083 1.61–i0.004 7.52
535 001 5 3.083 1.61–i0.004 7.76
542 000 2 4.346 1.63–i0.010 8.693
542 001 2 4.346 1.63–i0.010 9.94
542 001 2 4.346 1.63–i0.010 10.76

ad is the center-to-center separation distance between each pa
neighboring spheres andk is the free-space wave number of th
incident radiation.
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FIG. 1. Comparison of theoretical predictions from Xu’s rigo
ous solution of multisphere light-scattering problems~theory! with
Wang’s laboratory microwave analog scattering measurem
~expt.! for angular distribution of the polarization components
scattered intensity,i 11, i 22, andi 12 by two randomly oriented linea
chains of spheres, ID Nos. 532 000 and 532 001~see Table I!. The
three panels in the left column refer to 532 000 and the three in
right column for 532 001.

FIG. 2. Same as Fig. 1, but for target ID Nos. 532 004~left
column! and 533 001~right column!.
1. Random orientations

Figures 1–4 compare our theoretical predictions from
rigorous multisphere-scattering theory with laboratory m
surement results ofi 11, i 22, andi 12 on a random-orientation
average for the eight sphere chains listed in Table I, wh
show a good agreement between theory and experiment

ts

e

FIG. 3. Same as Fig. 1, but for target ID No. 535 001~left
column! and 542 000~right column!.

FIG. 4. Same as Fig. 1, but for target ID Nos. 542 001~left
column! and 542 002~right column!.
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3938 PRE 58YU-LIN XU AND RU T. WANG
examine the contribution from interaction between sphe
we also compare rigorous solution with coherent Mie sc
tering for all the eight chains of spheres in Figs. 5–
wherein we employ the notations:i total5( i 111 i 22)/2, and the
polarization p5( i 112 i 22)/( i 111 i 22). These figures do no
includei 12 since it does not exist for coherent Mie-scatterin
The difference between rigorous solution~solid curves! and
coherent Mie-scattering~dotted curves! is attributed to the
interaction effect. From Figs. 5 and 7 we clearly see t
interaction weakens with the increase in intersphere sep
tion and with the decrease in component sphere size.

FIG. 5. Comparison of Xu’s rigorous solution~exact! with NIS
approximations~n.i.s.! for angular distribution of the total scattere
intensity, i total5( i 111 i 22)/2, and the polarization, p5( i 11

2 i 22)/( i 111 i 22), by three randomly oriented linear chains
spheres, ID Nos. 532 000, 532 001, and 532 004~see Table I!.

FIG. 6. Similar to Fig. 5, but for target ID Nos. 533 001~left
column! and 535 001~right column!.
s,
t-
,

.

t
ra-
he

three bisphere systems in each of the two groups,~532 000,
532 001, 532 004! or ~542 000, 542 001, 542 002!, consist of
the same two identical spheres but with different intersph
separations. Each individual sphere in the former group h
size parameter of 3.083 and a complex refractive index
1.612 i0.004 while for the latter group the size parameter
4.346 and the refractive index is 1.632 i0.01. The two
spheres in 532 000 or 542 000 are in contact and have st
ger interaction than others in the same group. Also, the
spheres in 542 000 show stronger interaction than thos
532 000 because of their larger size parameter. But for all
eight chains of spheres, the interaction between sphere
generally weak when random-orientation average is con
ered, especially the dumbbels 532 004 and 542 002 wh
component spheres are rather separated.

It is noted that, in Figs. 1–4, the measuredi 12 nearu50°
is always higher than theoretical prediction. The reason
this has been mentioned in the last paragraph of Sec. IV
seen from the figures,i 12 is generally a few magnitude
smaller thani 11 and i 22. In laboratory microwave measure
ment, the measured signal includes both true signal and
sidual noise background even though the unwanted ba
ground wave can be mostly canceled through the use of
null technique. The residual background intensity level co
be comparable to or much higher than the scattered inten
signali 12 itself. For this reason, the accuracy of measurem
for i 12 is usually poorer than that fori 11 andi 22, especially at
the scattering angles nearu50°, where the residual back
ground noise level is at least 50 dB higher than at ot
scattering angles.

Figures 1–4 show that the theoretical predictions for
scattered intensities generally agree with laboratory dat
terms of the detailed running-trend-matching of the curv

FIG. 7. Same as Fig. 5, but for target ID Nos. 542 000, 542 0
and 542 002.
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Profiles of the intensity curves are sensitive to size, refrac
index, and the configuration of the spheres. This kind
graphical comparison, mainly used in the present paper,
reliable approach to mutually testing theoretical and exp
mental results. Nevertheless, comparison of theory with
periment can also be put on a quantitative basis. We ca
lated the relative deviations ofi 11 and i 22 for all the eight
chains of spheres. The relative deviation is defined by

~laboratory measurement!2~rigorous solution!

~rigorous solution!
.

The relative deviations, especially those of 532 000, 533
and 535 001, are mostly negative. This is because the
factors used in the calibration of these experimental data
are slightly too small. As mentioned in Sec. IV, the intens
measurements in each run for a range of scattering an
from 0° to 170° are calibrated using a ‘‘standard sphere’’
known magnitude by measuring its scattered intensity a
carefully selected scattering angle right after the run. T
‘‘gain factor,’’ which is the calculated-to-measured intens
ratio of the standard sphere at the specific scattering ang
used as the single constant calibration factor for the entire
of measurement. All the recorded intensities at different s
tering angles in the same set are multiplied by the sa
calibration factor to obtain final ‘‘absolute’’ measureme
results. This process of calibration does not change the
file of the measured intensity curve at all but scales up
down all the recorded intensities. Statistically, if the numb
of measurement points is sufficiently large and the calib
tion factor is sufficiently accurate, the average relative dev
tion should be sufficiently close to zero. The average de
tions of the measuredi 11 and i 22 of the eight chains of
spheres, together with their respective maximum deviati
in each of the data sets, are listed in Table II. The rela
deviations at two particular scattering anglesu50° and u
5170° are shown in Table III. After we adjust the calibr
tion factor for a set of measurement data so that the ave
relative deviation goes to zero, the relative deviations w
change slightly by exactly the same small amount. The sa
is for the experimental data points shown in Figs. 1–4
the resulting shift will be nearly unnoticeable in the logarit
mic scale, at less than or around 0.1. Compared with
corresponding original measurements, the experime

TABLE II. Average and maximum relative deviations,d̄ (%)
and dmax(%), of the orientation-averagedi 11 and i 22 of the eight
chains of spheres~listed in Table I! in Wang’s laboratory micro-
wave scattering measurements from theoretical predictions.

Target ID No. d̄( i 11) d̄( i 22) dmax( i 11) dmax( i 22)

532 000 212.80 218.13 251.02 247.38
532 001 215.54 215.01 265.53 245.17
532 004 215.96 216.14 240.41 236.99
533 001 217.35 228.50 251.69 259.48
535 001 229.80 236.09 269.83 262.67
542 000 214.63 214.83 247.72 243.58
542 001 213.09 28.33 254.01 242.28
542 001 26.72 212.28 238.61 237.04
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curves ofi 11 and i 22 after adjustment will have exactly th
same profiles, while uplifted slightly. Our calculations sho
that the typical level of the relative deviations of the me
sured i 11 and i 22 of the eight chains of spheres is abo
10– 20% for the majority of the measurements, whereas
above 50% for a few individual points.

In the comparison between theory and experiment, b
graphical and quantitative methods can be used. For our

FIG. 8. Comparison of theoretical predictions from Xu’s rigo
ous solution~theory! with Wang’s microwave analog scatterin
measurements~expt.! for angular distribution of the polarization
components of scattered intensity,i 11 andi 22, of the linear chain of
spheres, ID No. 532 000~see Table I!, in three principal fixed ori-
entations,k, h, and v. k means that the axis of symmetry of th
spheres is parallel to the plane incident beam direction. Forh, the
axis of symmetry lies in the scattering plane and is perpendicula
the incident beam direction, and forv, it is perpendicular to both
the scattering plane and the incident beam direction.

TABLE III. Relative deviations,d(%), of the orientation-
averagedi 11 andi 22 of the eight chains of spheres~listed in Table I!
at u50° andu5170° in Wang’s laboratory microwave scatterin
measurements from theoretical predictions.

Target ID No. d„i 11(0°)… d@ i 22(0°)# d@ i 11(170°)# d@ i 22(170°)#

532 000 221.78 221.78 21.76 218.77
532 001 27.27 27.27 29.28 225.51
532 004 210.73 210.73 24.82 20.04
533 001 215.51 215.51 10.29 27.02
535 001 216.67 216.67 219.38 218.56
542 000 215.61 215.61 215.97 3.18
542 001 217.78 217.78 211.25 11.12
542 001 222.44 222.44 29.09 20.58
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3940 PRE 58YU-LIN XU AND RU T. WANG
pose of testing theory, the graphical comparison betw
theoretical and experimental results is probably more con
nient and intuitive.

2. Single orientations

For each of the eight chains of spheres listed in Tabl
Figs. 8–15 display the comparisons of the calculated
measuredi 11 and i 22 at three principal fixed orientations
These three principal orientations (k,h,v) are defined by the
orientation of the sphere-chain’s axis of symmetry in t
reference system, when it is aligned along thez, x, and y
axes, respectively. In the same way as defined elsewhe
the present paper, thez axis coincides with the plane inciden
beam direction and thex-z plane is the scattering plane. Fo
all three single orientations of (k,h,v) and for all eight
chains of spheres, the agreement between theoretical c
lations and experimental results is, again, generally goo
terms of scattering-pattern matching in the graphical fo
For the relative deviations of the measuredi 11 and i 22 from
theoretical predictions, compared to the case of random
entations discussed in the previous subsection, there ar
dividual measurements showing larger deviations from th
retical calculation in this case of fixed orientations. This
largely due to~1! the deviation of the actual orientation o
the target from the specified orientation and~2! the low scat-
tered intensities at some scattering angles located at or n
local minimum. It is obvious that precise positioning of th
target orientation is more important in a fixed-orientati
measurement than orientation averaging. Also, the scatt
intensity curves of a fixed orientation may have fine str
tures, ripples, and local minima and maxima, which wou
be smeared out in an average over orientations. For ce

FIG. 9. Same as Fig. 8, but for the target ID No. 532 001~see
Table I!.
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scattering angles, the scattered intensities at a fixed orie
tion may be quite small near the region of a local minimu
especially for backscattering, for which small absolute err
in measurement result in large fractional errors.

FIG. 10. Same as Fig. 8, but for the target ID No. 532 004~see
Table I!.

FIG. 11. Same as Fig. 8, but for the target ID No. 533 001~see
Table I!.
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Similar to the discussions for random orientations, Fi
16–23 compare rigorous solution with coherent Mie scat
ing NIS that excludes the interaction effect for the three fix
orientations. These comparisons reveal that the interac

FIG. 12. Same as Fig. 8, but for the target ID No. 535 001~see
Table I!.

FIG. 13. Same as Fig. 8, but for the target ID No. 542 000~see
Table I!.
.
r-
d
on

between spheres is strong in the orientation ofk and that it is
weak in the orientation ofv. These comparisons show th
~1! the rigorous solution and the noninteracting approxim
tion are significantly different when the spheres are align

FIG. 14. Same as Fig. 8, but for the target ID No. 542 001~see
Table I!.

FIG. 15. Same as Fig. 8, but for the target ID No. 542 002~see
Table I!.
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3942 PRE 58YU-LIN XU AND RU T. WANG
along the incident beam direction, i.e., in the case ofk, ~2!
the rigorous solution can be well duplicated by the nonint
acting approximation for all scattering angles in the case
v, and~3! the two solutions are similar only for the forwar
scattering atu;0° and for the backscattering atu;180° in
the case ofh. These can be interpreted in terms of Eqs.~7!,
the analytical expressions for the amplitude scattering ma
elements. Scattering by many particles consists of two
fects: interaction and far-field interference between scatte
waves from individual particles. If there is no or very we
interaction between spheres, the rigorous and
noninteracting-scattering solutions should be identical
nearly identical. Due to interaction between spheres the
teractive scattering coefficients (amn

l ,bmn
l ) of eachl th sphere

differ from those determined by its Mie-scattering coef
cients by way of Eqs.~19!. These interactive scattering co
efficients appear in Eqs.~7! in a combination with the phas
factor exp(2ikDl), whereD l5Xl sinu cosf1Yl sinu sinf
1Zl cosu. For the case of a single scattering plane we d
cussed here,f50°, therefore,D l5Xl sinu1Zl cosu, which
does not involveYl . For the orientation ofv, Zl[Xl[0,
which leads toD l[0, indicating that there is no interferenc
between the scattered waves from component spheres. In
orientation, the scattering pattern of the entire aggregat
identical spheres is the same as that from an individ
sphere when the interaction between spheres is neglig

FIG. 16. Comparison of Xu’s rigorous solution~exact! with NIS
approximation~n.i.s.! for angular distribution ofi 11 and i 22 of the
linear chain of spheres, ID No. 532 000~see Table I!, in three
principal fixed orientations,k, h, andv. k means that the axis o
symmetry of the spheres is parallel to the plane incident beam
rection. Forh, the axis of symmetry lies in the scattering plane a
is perpendicular to the incident beam direction, and forv, it is
perpendicular to both the scattering plane and the incident b
direction.
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every component sphere retaining the same scattered
field becauseZl[0. The Mie solutions~with the number of
spheres taken into account! are identical to the coherent Mie
scattering in this case. For the orientation ofh, Zl[0, D l

5Xl sinu. Whenu;0° or u;180°, D l;0, which implies

i-

m

FIG. 17. Same as Fig. 16, but for the target ID No. 532 001~see
Table I!.

FIG. 18. Same as Fig. 16, but for the target ID No. 532 004~see
Table I!.
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that the interference effect disappears atu;0° or u;180°.
In the case ofh, the Mie solutions and the coherent M
scattering are identical only atu50° andu5180°. There-
fore, due to the interference with different phases at differ
scattering angles, except foru50° andu5180°, the rigor-

FIG. 19. Same as Fig. 16, but for the target ID No. 533 001~see
Table I!.

FIG. 20. Same as Fig. 16, but for the target ID No. 535 001~see
Table I!.
t

ous solution and the coherent Mie scattering have no res
blance unless the interaction between spheres is neglig
Unlike the orientations ofv andh whereZl[0, the scatter-
ing at the orientation ofk includes the phase term introduce
by Zl . In this case,D l5Zl cosu. When there is no interac

FIG. 21. Same as Fig. 16, but for the target ID No. 542 000~see
Table I!.

FIG. 22. Same as Fig. 16, but for the target ID No. 542 001~see
Table I!.
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3944 PRE 58YU-LIN XU AND RU T. WANG
tion between spheres, the phase factor is virtua
exp@ikZl(12cosu)# for identical spheres, which indicates th
the Mie calculations for the single component spheres
the coherent Mie scattering can be identical only atu50°.
Interaction between spheres destroys the only possible
semblance between rigorous solution and the coherent
scattering in the region near this forward scattering directi

In general, the similarities and the differences between
rigorous and the noninteracting approximate solutions
determined by the phase terms exp(2ikDl) and exp(2ikZl) as
well as the degree of interaction between spheres. When
axis of symmetry of the chains of spheres deviates from
incident beam direction or is off the scattering plane,
interaction effect becomes much weaker than when i
along the forward direction ofu50°. This is the reason why
on taking average over random orientations the strong in
action between spheres along the beam direction is aver
out by the much weaker interactions at the majority of ot
orientations.

B. Orientation dependence of scattered intensity
at a fixed scattering angle

One of the interesting discoveries in Wang’s experimen
study of dependent scattering by linear chains of sphere
the dramatic enhancement of the scattered intensity when
chain’s axis of symmetry bisects the scattering angle@22#.
This so-called specular resonance has been discussed by
tawar and Dean@31# and by Fuller, Kattawar, and Wan
@32#. Figures 24–28 refer to five different aggregates of t
identical spheres in contact and show respectively the va
tion of i 11(u590°) with the orientation anglex, the angle
between the dumbbell’s axis of symmetry and the incid

FIG. 23. Same as Fig. 16, but for the target ID No. 542 002~see
Table I!.
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beam direction, as the axis is rotated in the scattering pla
Together with the microwave scattering data and the rig
ous solution, the coherent Mie-scattering NIS approximat
is also shown. Thex dependence ofi 11(u) of two noninter-
acting identical spheres is very simple, as described by
~24!. Again, Figs. 24–28 are examples showing a go
agreement between our rigorous solution and scattering m
surement. It is noteworthy here that the peak orientat

FIG. 24. Comparison of Xu’s rigorous solution~exact! and non-
interacting coherent Mie scattering NIS with Wang’s microwa
analog scattering measurements~expt.! for the scattering intensity
i 11(90°) observed at the fixed scattering angleu590° as a function
of the orientation anglex of two identical spheres in contact. Th
size parameter (x) and the refractive index of the spheres (m) are
shown at the left upper corner. The axis of symmetry of the t
spheres is always confined in the scattering plane. Whenx50°, the
axis is parallel to the plane incident beam direction, andx590°
means that the axis is perpendicular to the incident beam direc
The NIS approximation considers only the interference effect
tween independent spheres, and the rigorous solution account
both the interference and interaction effects. The Mie solution fo
single component sphere is also shown, labeled ‘‘sngl sphere.’

FIG. 25. Same as Fig. 24, but the two identical spheres in c
tact have a size parameter of 2.166.
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PRE 58 3945ELECTROMAGNETIC SCATTERING BY AN AGGREGATE . . .
anglex5u/2, where the maximum of the scattered intens
occurs, is determined by the interference maximum of
Mie-scattered fields from the two individual spheres. Wh
the size parameter of the individual sphere is small, cohe
Mie scattering is close to rigorous solution, as shown in F
24. The larger the size of the individual sphere, the stron
the interaction between the two spheres and the higher
enhancement in the peak scattered intensity. However,
location ofx where the resonance occurs, i.e.,x5u/2, seems
to be unaffected by the interaction between spheres
shown by both the theoretical calculation and the experim
tal results. The reason for this may be that, although
interaction modifies the scattered Mie fields of the two ide
tical component spheres, the difference between the
component scattered fields is not large and the location
the scattering peaks are still determined by the function r
resented by Eq.~24!.

C. Forward scattering

As mentioned at the end of Sec. II, it is convenient
express the complex scattering amplitude atu50°, denoted

FIG. 26. Same as Fig. 24, but the two identical spheres in c
tact have a size parameter of 3.733.

FIG. 27. Same as Fig. 24, but the two identical spheres in c
tact have a size parameter of 4.341.
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by S(0°), in the (P,Q) form, as defined by Eqs.~18!. A
curve traced out in the (P,Q) plane, as the target’s configu
ration or orientation varies, is called a (P,Q) plot. In this
subsection, we compare ouru50° theoretical calculations
for aggregates of spheres with two groups of microwa
measurements, all through (P,Q) plots: ~1! the variation of
the complex forward scattering amplitudeS(0°) as twoiden-
tical spheres are continuously pulled apart along the incid
beam direction, and~2! the target-orientation dependence
S(0°). In these comparisons, we see that the computed
measured (P,Q) graphs are similar only in the general mo

n-

n-

FIG. 28. Same as Fig. 24, but the two identical spheres in c
tact have a size parameter of 4.678 and the refractive inde
1.363.

FIG. 29. Theoretical and experimental (P,Q) plots of two iden-
tical spheres in continuous separation along the incident beam
rection. The size parameter (x) and the refractive index of the
spheres (m) are 3.733 and 1.61–i0.004, respectively. The running
numbers denote the dimensionless ‘‘separation parameter’’kd,
whered is the separation distance between the two spheres andk is
the wave number. The asterisk* marked n.i.s. represents th
noninteracting-scattering~NIS! solution, which is the same as th
Mie solution for a single component sphere in this case.
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phology. As noticed by previous authors@32#, the (P,Q)
graphs provide the most sensitive test to the experime
data because, as discussed in Sec. IV, an extinction mea
ment is not only technically difficult to perform but also ve
sensitive to environmental perturbations during measu
ment.

1. Continuous separation of two identical spheres along
the incident direction

Figures 29–32 refer to four pairs of identical sphe
aligned along thez axis, each pair differing from others i
the component sphere size or refractive index, and show
variation of S(0°) in the complex (P,Q) plane when the
center-to-center separation distanced between the two
spheres continuously increases. The size parameter an
refractive index of the component spheres can be foun
each figure. The running numbers in these figures denote
dimensionless ‘‘separation parameter’’kd, starting from the
minimum value when the two spheres are in contact. Ad

FIG. 30. Same as Fig. 29, but the two identical spheres ha
size parameter of 4.341.

FIG. 31. Same as Fig. 29, but the size parameter of the
identical spheres is 4.678 and their refractive index is 1.363.
al
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o

FIG. 32. Same as Fig. 29, but the size parameter of the
identical spheres is 4.980.

FIG. 33. Theoretical and experimental volume-equivale
(P,Q) plots showing the orientation dependency of the forwa
scattering atu50° for ~a! a contacting square array~left! and~b! a
contacting cubic array~right! of four or eight identical spheres o
three different sizes. An individual component sphere shown in
top row ~1! has the size parameter of 3.12 and the refractive in
of 1.365. For the middle~2! and bottom~3! rows, the size param-
eters are respectively 3.752 and 4.678, and the refractive ind
are, respectively, 1.366 and 1.363. The major difference for
different rows is the size of the spheres. While the top and bot
faces of the sphere arrays are always parallel to the scattering p
the arrays are continuously rotated in the scattering plane by
from the initial orientation angle 0° with two side faces perpendic
lar to the incident beam direction. The initial and the final~after 90°
rotation! orientations are in fact the same for these two particu
configurations. The filled and open circles correspond to the m
sured and computed quantities at the orientation angles from 0
90° in a step of 10°.
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increases, the tip ofS(0°) vector travels in general along
counterclockwise curve, converging toward a limit with
ever-decreasing speed. This limit is equal to 2Ŝ(0°), where
Ŝ(0°) is theforward scattering amplitude of an isolated com
ponent sphere, and is represented by an asterisk in the
ures. The limit corresponds to theS(0°) vector of two non-
interacting spheres, i.e., the NIS solution valid for
sufficiently largekd. We noticed that the theoreticalP val-
ues have opposite signs to those defined in the experime
data. This is due to the employment of exp(2ivt) as time
factor in Xu’s theory instead of the exp(ivt) convention@34#
followed by the experiment. As a result, theS(u) defined in
the latter convention is the complex conjugate of that defi
in the former. This results in the opposite signs forP but
leaves the same~always positive! sign for Q for the two
conventions.

2. Orientation-dependence of the forward scattering atu50°

The forward scattering amplitudeS(0°) depends strongly
on the orientation of the target. Figure 33 shows
orientation-dependence of the forward scattering proper
for three groups of four- and eight-sphere arrays. The va
of (P,Q) shown in the figures, labeled by (Pv ,Qv), are the
volume-equivalent quantities defined by Q
54p Re@S(0°)#/(k2Gv) andP524p Im@S(0°)#/(k2Gv).
Gv is the geometric cross section of a sphere equal in volu
to the total of all component spheres in an array. In each
the three groups of different size of identical spheres sho
in different rows in Fig. 33, four or eight spheres form arra
of a contacting square or cubic geometry. The top and b
tom surfaces of each array are kept parallel to the scatte
plane. These arrays are continuously rotated in the scatte
plane by 90°, starting from the initial orientation angle 0
where two side surfaces are perpendicular to the incid
beam direction. By virtue of the array symmetry, the tw
parts of the (P,Q) curve in traversing the orientation ang
ranges(0°,45°) and (45°,90°), respectively, should be ide
tical. From Fig. 33 we see that the (P,Q) signatures of the
eight-sphere cubic array~in the right column! are similar to
p

on
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tal

d

e
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es

e
of
n

t-
ng
ng

nt
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those of the four-sphere square array~in the left column!.
This implies that there are no appreciable interference
interaction between the two layers of four spheres in
eight-sphere cubic arrays. This is not surprising in view
the discussion in the Sec. V A2.

VI. CONCLUSIONS

As we discuss here, analytical representation of the co
plex amplitude scattering matrix is essential to an elec
magnetic scattering formulation. We have tested our form
lation for the amplitude scattering matrix of aggregat
particles by the comparison of theoretical results with lab
ratory scattering measurements. The agreement of th
with experiment is satisfactory for all types of experimen
data that we tested: angular distribution of the scattered
tensities at random and fixed orientations, the specular r
nances of the scattered intensities at a fixed scattering an
and the forward scattering signatures at the scattering a
of u50°. With the interaction between component partic
turned off, this scattering formulation describes precisely
coherent scattering by independent particles. When the n
ber of particles and the sizes of the component particles in
ensemble are both small, the noninteracting scattering
good approximation to the rigorous solution, especially
an average over random orientations. The strongest inte
tion occurs when the component particles are aligned al
the direction of propagation of the incident radiation.

In summary, we have confirmed here by the experimen
scrutiny the analytical representation of the amplitude sc
tering matrix developed recently from the far-field solutio
of the multisphere-scattering problem and thus the mu
sphere scattering formulation derived therefrom.
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